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INFINITESIMAL DEFORMATIONS OF HITCHIN PAIRS AND
HITCHIN MAP
ELENA MARTINENGO
Abstract. We identify dglas that control infinitesimal deformations of the pairs
(manifold, Higgs bundle) and of Hitchin pairs. As a consequence, we recover known
descriptions of first order deformations and we refine known results on obstructions.
Secondly we prove that the Hitchin map is induced by a natural L∞-morphism and,
by standard facts about L∞-algebras, we obtain new conditions on obstructions to
deform Hitchin pairs.
Introduction
The interest on Higgs bundles started twenty years ago with Nigel Hitchin and Carlos
Simpson’s studies. The rich structure of Higgs bundles manage they play a role in many
different mathematical areas. A Higgs bundle on a complex manifold X is a pair (E, θ),
where E is a holomorphic vector bundle on X and θ ∈ H0(X, End(E)⊗Ω1X), such that
θ ∧ θ = 0. A generalization of Higgs bundles are Hitchin pairs (E,L, θ), where L is a
bundle on X and now θ ∈ H0(X, End(E) ⊗ L).
In the present work we study infinitesimal deformations of Higgs bundles and Hitchin
pairs and give a description of the Hitchin map as a morphism of deformation theories;
we use differential graded Lie algebras to analyse these deformations.
The philosophy underlying this approach, originating in the works of Quillen, Deligne,
Drinfeld and Kontsevich, is that, in characteristic zero, every deformation problem is
governed by a differential graded Lie algebra, via the deformation functor associated to
it, given by solutions of Maurer-Cartan equation modulo gauge action. Dglas tecniques
allow to preserve a lot of informations on the deformation problem, which are lost with
classical methods, and some classical results can be obtained as easy consequences of
definitions and formal constructions.
One of our main goals is to find out dglas that govern infinitesimal deformations of
a Higgs bundle, of a pair (manifold, Higgs bundle) and of a Hitchin pair. Biswas and
Ramanan in [1, 3] introduced complexes of sheaves to study these deformations: for a
Higgs bundle (E, θ) the complex to be considered is
0→ End(E)
[−,θ]
−→ End(E)⊗ Ω1X
[−,θ]
−→ End(E)⊗ Ω2X
[−,θ]
−→ End(E)⊗ Ω3X → . . . ,
where the differential is defined using the composition of endomorphisms and the wedge
product of forms, and for a pair (X, (E, θ)) the complex is
0→ D1(E)
[−,θ]
−→ End(E)⊗ Ω1X
[−,θ]
−→ End(E)⊗ Ω2X
[−,θ]
−→ End(E) ⊗Ω3X → . . . ,
where the first differential is given by the sum of the above multiplication by θ and the
action of differential operators on forms via the Lie derivative. We obtain the dglas that
1991 Mathematics Subject Classification. 17B70, 14D15, 14D20.
Key words and phrases. Hitchin pairs, Differential graded Lie algebras, L∞-algebras.
1
2 ELENA MARTINENGO
govern infinitesimal deformations of a Higgs bundles and of a pair (manifold, Higgs bun-
dle) defining dgla structures on the total complexes of the Dolbeault resolutions of the
above complexes of sheaves. From the identification of these dglas, we are immediately
able to recover and refine Biswas and Ramanan results about tangent and obstruction
spaces. We prove that the spaces of first order deformations of a Higgs bundle (E, θ)
and of a pair (X, (E, θ)) are naturally isomorphic to the first hypercohomology spaces
respectively of the first and of the second complex of sheaves, while obstructions are
contained in the second hypercohomology spaces of them (Theorem 3.4 and Corollary
3.5). For the general case of a Hitchin pair (E,L, θ), a similar result holds, substituting,
in the first of the above complexes, the sheaf Ω∗X with
∧∗ L (Theorem 5.3).
Secondly we concentrate our attention on the study of the Hitchin map from defor-
mations point of view. It is defined as:
H :M→
r⊕
k=1
H0(X,
k⊙
L), H(E, θ) = (Tr(θ), . . . ,Tr(θr)),
from the moduli space of Hitchin pairs on X to the space of global sections of the vector
bundles
⊙k L. This map was introduced for Higgs bundles by Simpson in [18], as a
generalization of the determinant map that Hitchin studied on curves in [9]; a version
of this map for Hitchin pairs can be found in [2].
To study the Hitchin map in terms of deformation theory, the dglas approach is not
convenient and we use the more powerfull tool of L∞-algebras. Theory of deformations
via differential graded Lie algebras and via L∞-algebras is based on the principle that
the local study of a moduli space is encoded by a dgla or an L∞-algebra opportunely
choosen. Then every natural morphism between moduli spaces is induced by a morphism
between the associated dglas or L∞-algebras.
If we intend the Hitchin map as a morphism of moduli spaces, it is natural to expect
it is induced by a morphism between the algebraic objects associated to them. Since the
Hitchin map is not even linear, we can not expect to obtain it from a dglas morphism.
In Propositions 7.6 and 7.8, we explicitate an L∞-morphism h that induces the Hitchin
map. As a direct consequence of this L∞-description and of L∞-tecniques, in Corollary
7.9, we obtain that obstructions to deform Hitchin pairs are contained in the kernel of
the map induced at second cohomology level by the linear part of h. It is defined on the
second hypercohomology space of the complex of sheaves
0→ End(E)
[−,θ]
−→ End(E) ⊗ L
[−,θ]
−→ End(E)⊗ (L ∧ L)
[−,θ]
−→ End(E)⊗ (L ∧ L ∧ L)→ . . . ,
where the differential is the multiplication by θ ∈ H0(X, End(E)⊗L), defined using the
composition of endomorphisms and the wedge product on forms and on L. Taking the
Dolbeault resolution, this map associates to every element ω ⊗ f ∈ A0,1X (End(E) ⊗ L)
the class in
⊕r
k=1H
1(X,
⊙k L) of multiples of ω ⊗ Tr(fθk−1).
The paper is organized as follows. In the first section, we introduce some basic defi-
nitions of dglas theory, that we use in all the paper and in the second section to analyse
deeply deformations of a complex manifold and of its holomorphic forms. The third sec-
tion is devoted to deformations of Higgs bundles and of pairs (manifold, Higgs bundle),
with the statements of our main results: the identification of dglas that govern these de-
formations and the description of the tangent and obstruction spaces. These results are
proved in all details in section 4. In the next section, we study deformations of Hitchin
pairs, using the same tecniques and obtaining similar results. In the sixth section, we
introduce some basic definitions and tools of L∞-algebras theory, that are essential to
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the study of the Hitchin map, we do in the last section. There we give a deformation
theoretic interpretation of the Hitchin map obtaining it from an L∞-morphism and we
deduce a condition on obstructions of Hitchin pairs.
Acknowledgement. I thank Marco Manetti for having introduced me to the problem and for all
his precious advices and suggestions on the preparation of this paper. I also thank Domenico
Fiorenza for some stimulating discussions on subjects related to the paper.
1. Deformation theory via dglas
In this section we introduce some tools of deformation theory via differential graded
Lie algebras: we give the basic definitions and we analyse classical examples. The main
references we follow are [12, 13].
Definition 1.1. A differential graded Lie algebra, dgla, is the data (L, d, [ , ]), where
L =
⊕
i∈Z L
i is a Z-graded vector space over C, d : Li → Li+1 is a linear map, such that
d ◦ d = 0, and [ , ] : Li × Lj → Li+j is a bilinear map, such that:
- [ , ] is graded skewsymmetric, i.e. [a, b] = −(−1)deg adeg b[b, a],
- [ , ] verifies the graded Jacoby identity, i.e. [a, [b, c]] = [[a, b], c]+(−1)deg adeg b[b, [a, c]],
- [ , ] and d verify the graded Leibniz’s rule, i.e. d[a, b] = [da, b] + (−1)deg a[a, db],
for every a, b and c homogeneous.
Definition 1.2. Let (L, dL, [ , ]L) and (M,dM , [ , ]M ) be two dglas, a morphism of
dglas φ : L→M is a degree zero linear morphism that commutes with the brackets and
the differentials.
We now introduce some usefull examples of differential graded Lie algebras.
Example 1.3. Let (A = ⊕iAi, dA) be a differential graded commutative C-algebra and
let (L = ⊕iL
i, dL, [ , ]) be a dgla, then the tensor product A⊗CL has a natural structure
of dgla by setting:
(A⊗C L)
n =
⊕
p+q=n
Ap ⊗C L
q,
d(a⊗ x) = dAa⊗ x+ (−1)
deg aa⊗ dLx, [a⊗ x, b⊗ y] = (−1)
deg b·deg xa · b⊗ [x, y],
for all a, b ∈ A and x, y ∈ L.
Example 1.4. Let (V =
⊕
i∈Z V
i, d) be a differential Z-graded C-vector space. Consider
the Z-graded C-vector space Hom(V, V ) =
⊕
i∈ZHom
i(V, V ), where Homi(V, V ) = {f :
V → V linear | f(V n) ⊂ f(V n+i) for every n}. The bracket
[f, g] = f ◦ g − (−1)deg f deg gg ◦ f
and the differential
df = [d, f ] = d ◦ f − (−1)deg ff ◦ d
make Hom(V, V ) a differential graded Lie algebra. Now let L be a dgla, consider the
subspace Der(L,L) ⊂ Hom(L,L) of derivations of L, where a derivation f : L→ L is a
linear map, which satisfies the graded Leibniz’s rule:
f([a, b]) = [f(a), b] + (−1)deg f ·deg a[a, f(b)].
Der(L,L) with the above differential and bracket is a sub-dgla of Hom(L,L).
4 ELENA MARTINENGO
Example 1.5. Let X be a compact complex manifold, let TX be the holomorphic
tangent bundle of X, let Ap,qX (TX) = A
p,q
X ⊗OX TX be the sheaf of (p, q)-forms of X with
values on the tangent bundle. The Kodaira-Spencer dgla of X is
KSX =
⊕
i∈N
Γ(X,A0,iX (TX)) =
⊕
i∈N
A
0,i
X (TX),
the space of the global sections of the sheaf of (0, i)-forms of X with values on the
tangent bundle TX . The dgla structure on KSX is given as follows. The differential
on KSX is the Dolbeault differential and the bracket is defined in local coordinates,
z1, . . . , zn, extending the standard bracket on A
0,0
X (TX) bilinearly with respect to the
sheaf of the antiholomorphic differential forms:
[fdz¯I
∂
∂zi
, gdz¯J
∂
∂zj
] = (f
∂g
∂zi
∂
∂zj
− g
∂f
∂zj
∂
∂zi
)dz¯I ∧ dz¯J , ∀f, g ∈ A
0,0
X .
Example 1.6. LetX be a complex manifold, let E be a locally free sheaf of OX -modules
on X and End(E) the sheaf of endomorphisms of E. We indicate with Diff1(E) the
sheaf of differential operators of degree ≤ 1 on sections of E and with D1(E) ⊂ Diff1(E)
the subsheaf of operators with scalar principal symbol σ, defined by the following exact
sequence of sheaves:
0→ End(E)→ D1(E)
σ
→ TX → 0.
Consider the graded vector spaces:⊕
i∈N
A
0,i
X (End(E)) and
⊕
i∈N
A
0,i
X (D
1(E)),
dgla-structures are defined on them taking the following differential and bracket:
d(ω ⊗ P ) = ∂¯ω ⊗ P,
[ω ⊗ P, η ⊗Q] = ω ∧ η ⊗ [P,Q] + ω ∧ lσ(P )(η)⊗Q− (−1)
deg ω·deg ηη ∧ lσ(Q)(ω)⊗ P,
for all ω, η ∈ A0,∗X and P,Q ∈ D
1(E), the symbol l indicates the Lie derivative (Section
2). Note that, if P,Q ∈ End(E), their symbol is zero and we obtain the classical dgla
structure on A0,∗X (End(E)) and that, if P,Q ∈ A
0,∗
X (TX), we recover the dgla structure
of Example 1.5, thus we have the exact sequence of dglas:
0→ A0,∗X (End(E))→ A
0,∗
X (D
1(E))
σ
→ A0,∗X (TX)→ 0.
The differential graded Lie algebras approach to deformation theory is based on the
following definition of the deformation functor associated to a dgla. We indicate with
ArtC the category whose objects are local Artinian C-algebras and whose arrows are
local morphisms of C-algebras and with Set the category of sets.
Definition 1.7. Let L be a dgla, the deformation functor associated to L is the functor
DefL : ArtC → Set, given for all A ∈ ArtC, by:
DefL(A) =
MCL(A)
∼gauge
,
where: MCL(A) =
{
x ∈ L1 ⊗mA | dx+
1
2
[x, x] = 0
}
and the gauge action is the action of exp(L0 ⊗mA) on MCL(A), given by:
ea ∗ x = x+
+∞∑
n=0
([a,−])n
(n+ 1)!
([a, x] − da).
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It is evident that a morphism of dglas f : L → M induces a natural transformation
of functors MC(f) : MCL → MCM . It is compatible with the gauge action and induces
a natural transformation of deformation functors Def(f) : DefL → DefM .
Remark 1.8. Let L be a dgla and DefL the deformation functor associated to L. It
can be proved that the tangent space to DefL is the first cohomology space of L, H
1(L),
and that obstructions are naturally contained in H2(L).
It is a classical calculation to observe that, if f : L → M is a morphism of dglas, then
the linear maps H1(f) : H1(L)→ H1(M) and H2(f) : H2(L)→ H2(M) are morphisms
of tangent spaces and of obstruction spaces, respectively, compatible with the morphism
Def(f) : DefL → DefM .
Remark 1.9. It is easy to verify that a deformation functor is trivial if and only if its
tangent space is trivial. This allow to prove that, for dglas of type A0,∗X (F), with F quasi-
coerent sheaf on a complex manifold X, every Maurer-Cartan solution is locally gauge
equivalent to zero. Indeed, taking an affine open cover U = {Ui}i of X, H
1(Ui,F) = 0
is the tangent space to the functor Def
A
0,∗
Ui
(F) which is trivial.
Let X be a geometric object, for example a manifold or a sheaf, and let DefX be the
functor of infinitesimal deformations of X , i.e. the functor:
DefX : ArtC → Set,
that associates to every local Artinian C-algebra the set of isomorphism classes of de-
formations of X over it. If there exists a dgla L, such that DefX is isomorphic to the
deformation functor associated to L, we say that the dgla L governs deformations of X .
Let’s state two well known examples of this situation:
Example 1.10. Let X be a complex manifold and let KSX be the Kodaira-Spencer dgla
of it. We indicate with DefX the functor of infinitesimal deformations of X and with
DefKSX the deformation functor associated to the dgla KSX . The natural transformation
of functors:
Φ : DefKSX (A) −→ DefX(A), ∀A ∈ ArtC,
x −→ ker(∂¯ + lx)
where lx is the holomorphic Lie derivative (Section 2), is an isomorphism. In Section 2,
we will analyse in more details deformations of a complex manifold and the link with the
Kodaira-Spencer dgla. In proofs of Propositions 4.1 and 4.2, we will relate the principal
steps in the construction of Φ. For a complete study of it, its construction and the proof
that it is an isomorphism, see [11].
Example 1.11. Let X be a complex manifold, let E be a locally free sheaf of OX-
modules on X and let A0,∗X (D
1(E)) be the dgla of the (0, ∗)-forms with values in the
first order differential operators with scalar principal symbol. We indicate with Def(X,E)
the functor of infinitesimal deformations of the pair (X,E) and with Def
A
0,∗
X
(D1(E)) the
deformation functor associated to the dgla A0,∗X (D
1(E)). The natural transformation of
functors:
Ψ : Def
A
0,∗
X
(D1(E))(A) −→ Def (X,E)(A), ∀A ∈ ArtC,
x −→ (ker(∂¯ + lσ(x)), ker(∂¯ + x))
is an isomorphism. In proofs of Propositions 4.1 and 4.2, we will relate the principal
steps in the construction of it. For a complete study of Ψ see [15], where it is defined
and it is proved to be an isomorphism.
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2. Infinitesimal deformations of holomorphic forms
In this section we analyse deformations of a complex manifold and the consequent
deformations of the sheaves of holomorphic functions and of holomorphic forms. We
explain the link between deformations of a complex manifold and the Kodaira-Spencer
dgla of it. We mainly follow [5, 6].
Start with a differentiable manifold X, recall that an almost complex structure on X
can be seen as a subsheaf V ⊂ A1X of locally free A
0
X-modules, such that V ⊕ V = A
1
X .
Obviously, if X is a complex manifold, the decomposition A1X = A
0,1
X ⊕ A
0,1
X define
an almost complex structure on X. An almost complex structure on a differentiable
manifold X is called integrable if there exist a structure of complex manifold on X that
induces it. An integrable almost complex structure is called a complex structure.
Frobenius and Newlander-Nirenberg’s Theorems ([19, Ch. 2]) concern conditions un-
der which an almost complex structure is integrable.
A deformation of a complex manifold X can be seen as a deformation of its complex
structure, infact, by Ehresmann’s Theorem ([10, Theorem 2.4], [19, Theorem 9.3]), de-
formations of a complex manifold are diffeomorphic. Now we study deformations of a
complex manifold from this point of view.
We start with some definitions. In general, for any vector space V and linear functional
α : V → C, the contraction operator is defined as
αy :
k∧
V →
k−1∧
V,
αy(v1 ∧ . . . ∧ vk) =
k∑
i=1
(−1)i−1α(vi)(v1 ∧ . . . ∧ vˆi ∧ . . . ∧ vk);
it is a derivation of degree −1 of the graded algebra (
∧k V,∧). The contraction y of
differential forms with vector fields defines an injective morphisms of sheaves
i : A0,∗X (TX) −→ Der
∗(A∗X ,A
∗
X)[−1]
ξ 7−→ iξ
where iξ(ω) = ξyω, for all ω ∈ A
∗
X .
There is an other action of the sheaf A0,∗X (TX) on the sheaf A
∗
X as a derivation, via the
holomorphic Lie derivative:
l : A0,∗X (TX) −→ Der
∗(A∗X ,A
∗
X)
ξ 7−→ lξ = [∂, iξ]
given by:
lξ(ω) = [∂, iξ](ω) = ∂(ξyω) + (−1)
deg ξξy∂ω, for all ω ∈ A∗X .
Observe that the holomorphic Lie derivative define an action of the sheaf TX on the
sheaf Ω∗X of the holomorphic forms on X:
l : TX → Der
0(Ω∗X ,Ω
∗
X),
infact, for all x ∈ TX , the derivation lx of a holomorphic form gives as result a holomor-
phic form of the same degree.
For future use, write out some properties of the holomorphic Lie derivative.
Lemma 2.1. For every ξ, η ∈ A0,∗X (TX), the following equalities hold:
idξ = −[∂¯, iξ], i[ξ,η] = [iξ, [∂, iη]] and [iξ, iη] = 0.
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Proof. See [14, Lemma 2.1]. 
Lemma 2.2. The holomorphic Lie derivative l : A0,∗X (TX)→ Der
∗(A0,∗X , A
0,∗
X ) is a mor-
phism of dglas.
Proof. Compatibility with differentials is given using definitions and the Jacobi identity:
d(lξ) = [∂¯, lξ] = [∂¯, [∂, iξ]] = −[∂, [∂¯, iξ]] = [∂, idξ] = ldξ,
for all ξ ∈ A0,∗X (TX). Compatibility with brackets is similar. 
The above lemma implies that ξ ∈ A0,1X (TX) satisfies the Maurer-Cartan equation if
and only if ∂¯ + lξ is a differential. Infact
(∂¯ + lξ)
2 = ∂¯2 + ∂¯lξ + lξ∂¯ + l
2
ξ = [∂¯, lξ ] +
1
2
[lξ, lξ ] = ldξ+ 1
2
[ξ,ξ].
Now we are ready to study deformations of a complex manifold X. Fix ξ ∈ A0,1X (TX)⊗
mA, with A ∈ ArtC. Define a deformation of almost complex structure associated to ξ:
A1,0ξ = {ω ∈ A
1
X ⊗A | π0,1(ω) = iξ(π1,0(ω))},
where π0,1 : A
1
X → A
0,1
X and π1,0 : A
1
X → A
1,0
X are the projections. Newlander-
Nirenberg’s Theorem assures that the almost complex structure A1,0ξ is integrable if
and only if ξ is a solution of the Maurer-Cartan equation. Therefore every element
ξ ∈MCKSX (A) define a deformation of complex structure of X.
Let ξ ∈ A0,1X (TX)⊗mA be a Maurer-Cartan element and let A
0,1
ξ be the deformation
of complex structure of X associated to ξ as before, this defines
A0,1ξ = A
1,0
ξ , A
p,q
ξ =
p∧
A1,0ξ ⊗
q∧
A0,1ξ .
Moreover, by definition, the sheaf of ξ-holomorphic function is
Oξ = {f ∈ A
0
X ⊗A | df ∈ A
1,0
ξ } = {f ∈ A
0
X | ∂¯f = ξy∂f} = {f ∈ A
0
X | (∂¯ + lξ)f = 0}.
To describe how the sheaf of holomorphic differential forms change with the deformation
of complex structure, we need the following:
Lemma 2.3. Let ξ ∈ A0,1X (TX)⊗mA, the exponential
eiξ : A∗X ⊗A→ A
∗
X ⊗A
is an isomorphism of graded algebras, such that eiξ(A1,0X ⊗A) = A
1,0
ξ .
Proof. It is an easy application of definitions, we follow [5, Lemma 11.2].The only fact
to be proved is the equality eiξ(A1,0X ⊗A) = A
1,0
ξ . Observe that, if ω ∈ A
1
X ⊗A:
eiξ(ω) = ω + ξyω = ω + ξyπ1,0(ω),
then π1,0(e
iξ(ω)) = π1,0(ω) and π0,1(e
iξ(ω)) = π0,1(ω) + ξyπ1,0(ω). Therefore, using the
above definitions, eiξ(ω) ∈ A1,0ξ if and only if π0,1(ω) = 0. 
Lemma 2.4. Let ξ ∈ A0,∗X (TX)⊗mA be a solution of the Maurer-Cartan equation, then
e−iξdeiξ = d+ e−iξ ∗ 0 = d+ lξ,
in the dgla Der∗(A∗X , A
∗
X)⊗A.
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Proof. A proof can be found in [5, Corollary 12.2]. Here we make explicit calculations.
The first equality is given by definition of gauge action in the dgla Der∗(A∗X , A
∗
X):
e−iξ ∗ 0 = 0 +
+∞∑
n=0
([−iξ,−])
n
(n + 1)!
([−iξ, 0] + diξ) =
+∞∑
n=0
([−iξ,−])
n
(n+ 1)!
[−iξ, d] =
=
+∞∑
n=1
([−iξ,−])
n
n!
d =
+∞∑
n=0
([−iξ,−])
n
n!
d− d = e[−iξ,−]d− d = e−iξdeiξ − d.
The second equality follows from:
e−iξ ∗ 0 = diξ −
1
2
[iξ, diξ] +
1
3!
[iξ, [iξ, diξ]] + . . . =
= lξ−idξ−
1
2
[iξ, lξ]+
1
2
[iξ, idξ]+
1
3!
[iξ, [iξ, lξ ]]−
1
3!
[iξ, [iξ, idξ]]+ . . . = lξ−idξ−
1
2
i[ξ,ξ] = lξ,
where we used Lemma 2.1, the definition of the holomorphic Lie derivative and the fact
that ξ ∈MCKSX (A). 
Now we can describe the sheaves of ξ-holomorphic differential forms:
Ω1ξ = {ω ∈ A
1,0
ξ | dω ∈ A
2,0
ξ } = {ω ∈ A
1,0
ξ | e
iξ(d+ lξ)e
−iξω ∈ A2,0ξ } =
= {ω ∈ A1,0ξ | (d+ lξ)e
−iξω ∈ A2,0X ⊗A} = {ω ∈ A
1,0
ξ | (∂¯ + lξ)e
−iξω = 0};
in general:
Ωpξ = {ω ∈ A
p,0
ξ | dω ∈ A
p,0
ξ } = {ω ∈ A
p,0
ξ | (∂¯ + lξ)e
−iξω = 0}.
Remark 2.5. The analysis of deformations of complex structures done in this section
is coherent with the one done in Example 1.10. Infact, given a Maurer-Cartan element
ξ ∈ A0,∗X (TX) ⊗ mA, its associated deformation of complex structure of X is A
0,1
ξ , that
defines a complex manifold whose sheaf of holomorphic functions is
Oξ = {f ∈ A
0
X | (∂¯ + lξ)f = 0} = ker(∂¯ + lx : A
0,0
X ⊗A→ A
0,1
X ⊗A);
exactly as done by Φ in Example 1.10.
3. Infinitesimal deformations of Higgs bundles
This section is dedicated to the introduction of deformations of Higgs bundles and of
pairs (manifold, Higgs bundle) and to the description of the results we have obtained
on these problems; we will relate complete proofs in Section 4.
Definition 3.1. Let X be a compact complex manifold. A Higgs bundle on X is a pair
(E, θ), where E is a holomorphic vector bundle on X and θ ∈ H0(X, End(E) ⊗ Ω1X),
such that θ ∧ θ = 0.
Definition 3.2. Let X be a compact complex manifold and let (E, θ) be a Higgs bundle
on X. Let A be a local Artinian C-algebra. An infinitesimal deformation of (X,E, θ)
over A is the data (XA, EA, θA), where:
- XA is a deformation of X over A, i.e. XA is a scheme with a cartesian diagram
X

p // XA
pi

SpecC // SpecA,
where π is flat,
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- EA is a locally free sheaf of OXA-modules on XA, flat over A, with a morphism
q : EA → E, such that q : EA ⊗A C→ E is an isomorphism,
- θA ∈ H
0(XA, End(EA) ⊗ Ω
1
XA|A
), with θA ∧ θA = 0 and the maps p and q
transform θA in θ on the closed point.
If the deformation XA is trivial, i.e. XA ∼= X × SpecA, the pair (EA, θA) is an infinites-
imal deformation of the Higgs bundle (E, θ) over A.
Definition 3.3. Let X be a compact complex manifold and let (E, θ) be a Higgs bundle
on X. Let (XA, EA, θA) and (X
′
A, E
′
A, θ
′
A) be two deformations of (X,E, θ) over the local
Artinian C-algebra A. They are isomorphic, if there exists a couple (φ,ψ), where:
- φ : OXA → OX′A is an isomorphism of sheaves, such that φ⊗A C is the identity
on OX ,
- ψ : EA → E
′
A is an isomorphism of sheaves of OXA-modules, where the structure
of OXA-sheaf on E
′
A is given by φ, such that ψ ⊗A C is the identity on E,
- (φ,ψ) map θA on θ
′
A.
Two deformations of the Higgs bundle (E, θ) are said to be isomorphic, if there exists a
couple of isomorphisms (φ,ψ) as above, with φ = IdX×SpecA.
The above definitions lead to introduce two deformation functors:
Def(X,E,θ) : ArtC → Set,
that associates to every local Artinian C-algebra A the set Def(X,E,θ)(A) of isomorphism
classes of deformations of (X,E, θ) over A and
Def (E,θ) : ArtC → Set,
that associates to every local Artinian C-algebra A the set Def(E,θ)(A) of isomorphism
classes of deformations of the Higgs bundle (E, θ) over A.
Our main goal is to study these deformation functors finding out dglas that govern
them. Fix a Higgs bundle (E, θ) on a complex manifold X, consider the graded vector
space ⊕
p+q=∗
A
q,p
X (D
1(E)),
we define a dgla structure on it, taking as bracket
[ω ⊗ P, η ⊗Q] = ω ∧ η ⊗ [P,Q] + ω ∧ lσ(P )(η)⊗Q− (−1)
deg ω·deg ηlσ(Q)(ω) ∧ η ⊗ P,
and as differential
d(ω ⊗ P ) = ∂¯ω ⊗ P + [θ, ω ⊗ P ],
for all ω, η ∈ A∗,∗X and P,Q ∈ D
1(E), this structure is a modification of the one defined
in Example 1.6. Consider now the sub graded vector spaces of it:
N∗ =
⊕
p+q=∗
A
0,p
X (End(E) ⊗ Ω
q
X) and
L∗ =
⊕
p+q=∗, p<∗
A
0,p
X (End(E) ⊗Ω
q
X)⊕A
0,∗
X (D
1(E)),
define on them structures of dglas as sub dglas of A∗,∗X (D
1(E)), noting that they are
closed under differential and bracket. By definition, they enter in the following exact
sequence of dglas:
0→ N → L
σ
→ A0,∗X (TX)→ 0.
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Our main result is to prove that the dgla L governs infinitesimal deformations of
(X,E, θ), as a consequence, we obtain that the dglaN governs infinitesimal deformations
of (E, θ). To prove these statements, in Propositions 4.1 and 4.2, we will construct a
natural transformation of deformation functors
ΦL : DefL → Def(X,E,θ)
and, in Propositions 4.6 and 4.8, we will prove it is an isomorphism. Note that, the dg
vector space L is the total complex of the Dolbeault resolution of the complex of sheaves
K : 0→ D1(E)
[−,θ]
−→ End(E)⊗ Ω1X
[−,θ]
−→ End(E)⊗ Ω2X
[−,θ]
−→ End(E) ⊗ Ω3X → . . . ,
where differentials are defined using the brackets of the dgla L. Then, as easy consequence
of dglas tecniques, we obtain a description of tangent and obstruction spaces for the
functor Def (X,E,θ). Summing up, we have the following
Theorem 3.4. The dgla L governs infinitesimal deformations of (X,E, θ). In particular
the space of first order deformations of (X,E, θ) is canonically isomorphic to the first
hypercohomology space of the complex of sheaves K and obstructions are contained in
the second hypercohomology space of it.
Our construction of the transformation ΦL : DefL → Def(X,E,θ) will restrict to an
isomorphism of deformation functors
ΦN : DefN → Def(E,θ),
since the dg vector space N is the total complex of the Dolbeault resolution of the
complex of sheaves
K′ : 0→ End(E)
[−,θ]
−→ End(E) ⊗ Ω1X
[−,θ]
−→ End(E)⊗ Ω2X
[−,θ]
−→ End(E)⊗ Ω3X → . . . ,
dglas theory gives results on tangent and ostruction spaces for Def(E,θ). We have the
following:
Corollary 3.5. The dgla N governs infinitesimal deformations of the Higgs bundle
(E, θ). In particular the space of first order deformations of (E, θ) is canonically iso-
morphic to the first hypercohomology space of the complex of sheaves K′ and obstructions
are contained in the second hypercohomology space of it.
Infinitesimal deformations of Higgs bundles were studied by Biswas. In [1, Theorem
2.5], he identified first order deformations of the pair (manifold, Higgs bundle) with the
first hypercohomology space of the complex K and, in [1, Remark 2.8], he observed that
the second hypercohomology space of the trucation at the third term of the complex K′
contains obstructions to deformations of a Higgs bundle. Similar results for infinitesimal
deformations of principal G-bundles can be found in [3, Theorems 2.3 and 3.1].
4. Proof of Theorem 3.4
This section is devoted to the proofs of our results stated in Section 3. Let (E, θ) be
a Higgs bundle on a complex manifold X, let L and N be the dglas introduced in the
previous section; we prove that the dgla L governs infinitesimal deformations of (X,E, θ)
and, as a particular case, we obtain that N governs deformations of (E, θ).
Proposition 4.1. The map
ΦL : MCL −→ Def (X,E,θ),
given, for A ∈ ArtC and for (x, y) ∈ MCL(A), by the isomorphism class of the defor-
mation (XA(σ(x)), EA(x), θA(y)), where:
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- OXA(σ(x)) = OA(σ(x)) = ker(∂¯ + lσ(x) : A
0,0
X ⊗ A −→ A
0,1
X ⊗ A), where l is the
holomorphic Lie derivative,
- EA(x) = ker(∂¯ + x : A
0,0
X (E)⊗A −→ A
0,1
X (E)⊗A),
- θA(y) = e
iσ(x)(θ + y) ∈ A1,0
XA(σ(x))|A
(End(E)), where i is the contraction,
Proof. We have to verify that, (XA(σ(x)), EA(x), θA(y)) defined above is a deformation
of (X,E, θ) over A.
The element x satisfies the Maurer-Cartan equation in the dgla A0,∗X (D
1(E)), then,
by Remark 1.9, it is locally gauge equivalent to zero, i.e. there exist an open covering
U = {Uβ}α of X and elements aα ∈ A
0,0
X (D
1(E))|Uα ⊗ mA, such that e
aα ∗ x|Uα = 0
and, taking the principal symbol, eσ(aα) ∗ σ(x)|Uα = 0. As we will explicitly compute in
proof of Proposition 4.2, it follows from definition of gauge action that eaα : EA(x)|Uα =
ker(∂¯ + x)|Uα → ker ∂¯|Uα = E|Uα ⊗ A and e
σ(aα) : OA(σ(x))|Uα = ker(∂¯ + lσ(x))|Uα →
ker ∂¯|Uα = OX |Uα ⊗A are isomorphisms. By the last isomorphism OA(σ(x)) is a A-flat
sheaf and OA(σ(x)) ⊗A C ∼= OX , while from the first one we deduce that EA(x) is A-
flat and that EA(x) ⊗A C ∼= E. Moreover, the composition e
σ(aα) ◦ eaα : EA(x)|Uα →
E|Uα ⊗A
∼= OX
rkE⊗A→ OA(σ(x))
rkE assures that EA(x) is a locally free sheaf OA(σ)
modules.
It remains to prove that θA(y) is a section inH
0(XA(σ(x)), End(EA(x))⊗Ω
1
XA(σ(x))|A
),
such that θA(y) ∧ θA(y) = 0.
Consider the A0,1X (End(E) ⊗ Ω
1
X)-component of the Maurer-Cartan equation for the
element (x, y):
0 =
[
d(x, y) +
1
2
[(x, y), (x, y)]
]∣∣∣∣
A
0,1
X
(End(E)⊗Ω1
X
)
= ∂¯y+[θ, x]+
1
2
([x, y]−(−1)deg x·deg y[x, y]) =
(1) = [∂¯, y]− (−1)deg x·deg θ[x, θ] + [x, y] + [∂¯, θ] = [∂¯, y+ θ] + [x, y+ θ] = [∂¯+ x, y+ θ],
that is the action of the differential ∂¯ + x on the element θ + y, then
(∂¯ + x)(θ + y) = 0 ⇒ ((∂¯ + x)e−iσ(x)) θA(y) = 0.
We claim that the last equation is equivalent to the condition that θA(y) is a section in
H0(XA(σ(x)), End(EA(x))⊗ Ω
1
XA(σ(x))|A
).
Infact, recall that EA = ker(∂¯+x : A
0,0
X (E)⊗A→ A
0,1
X (E)⊗A) and that Ω
1
XA(σ(x))|A
=
ker((∂¯ + lσ(x))e
−iσ(x) : A1,0
XA(σ(x))|A
→ A1,1X ⊗A), therefore
(2)
End(EA)⊗ Ω
1
XA(σ(x))|A
⊆ ker(A1,0
XA(σ(x))|A
(End(E))
(∂¯+x)e
−iσ(x)
// A1,1X (End(E)) ⊗A).
Since the deformations of E, Ω1X and E ⊗Ω
1
X involved are locally trivial, they preserve
the ranks, thus the two sheaves in (2) have the same rank and coincide.
To obtain the equation θA(y)∧θA(y) = 0, consider the A
0,0
X (End(E)⊗Ω
2
X )-component
of the Maurer-Cartan equation for the element (x, y):
(3) 0 =
[
d(x, y) +
1
2
[(x, y), (x, y)]
]∣∣∣∣
A
0,0
X
(End(E)⊗Ω2
X
)
= [θ, y] +
1
2
[y, y] =
= θ ∧ y − (−1)y¯y ∧ θ +
1
2
(y ∧ y − (−1)deg y·deg yy ∧ y) = θ ∧ y + y ∧ θ + y ∧ y =
= (θ + y) ∧ (θ + y),
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where we used that θ ∧ θ = 0. By Lemma 2.3, eiσ(x) : A∗X → A
∗
X is an isomorphism of
graded algebras, then the above equality assures that θA(y) ∧ θA(y) = 0. 
Proposition 4.2. The map ΦL induces a natural transformation of deformation func-
tors
ΦL : DefL −→ Def (X,E,θ) .
Proof. Let (x, y), (x′, y′) ∈ MCL(A) be gauge equivalent and let a ∈ A
0,0
X (D
1(E)) ⊗ mA
such that
ea ∗ (x, y) = (x′, y′) ⇒ ea ∗ x = x′ ⇒ eσ(a) ∗ σ(x) = σ(x′).
From the gauge action, we will obtain that ∂¯ + eσ(a) ∗ lσ(x) = e
σ(a) ◦ (∂¯ + lσ(x)) ◦ e
−σ(a),
and in particular eσ(a) gives an isomorphism between OA(σ(x)) = ker(∂¯ + lσ(x)) and
OA(σ(x
′)) = ker(∂¯ + eσ(a) ∗ lσ(x)). Infact:
lσ(x′) = e
σ(a) ∗ lσ(x) = lσ(x) +
+∞∑
n=0
([σ(a),−])n
(n+ 1)!
([σ(a), lσ(x) ]− dσ(a)) =
= lσ(x) +
+∞∑
n=0
([σ(a),−])n
(n+ 1)!
([σ(a), lσ(x) ] + [σ(a), ∂¯]) = lσ(x) +
+∞∑
n=1
([σ(a),−])n
n!
(∂¯ + lσ(x)) =
=
+∞∑
n=0
([σ(a),−])n
n!
(∂¯ + lσ(x))− ∂¯ = e
[σ(a),−](∂¯ + lσ(x))− ∂¯ = e
σ(a) ◦ (∂¯ + lσ(x)) ◦ e
−σ(a) − ∂¯.
Making calculation on the gauge relation ea ∗ x = x′, we obtain that ∂¯ + ea ∗ x =
ea ◦ (∂¯ + x) ◦ e−a and in particular ea is an isomorphism between EA(x) = ker(∂¯ + x)
and EA(x
′) = ker(∂¯ + x′). Infact:
x′ = ea ∗ x = x+
+∞∑
n=0
([a,−])n
(n + 1)!
([a, x]− da) =
= x+
+∞∑
n=0
([a,−])n
(n + 1)!
([a, x] + [a, ∂¯]) = x+
+∞∑
n=1
([a,−])n
n!
(∂¯ + x) =
=
+∞∑
n=0
([a,−])n
n!
(∂¯ + x)− ∂¯ = e[a,−](∂¯ + x)− ∂¯ = ea ◦ (∂¯ + x) ◦ e−a − ∂¯.
Moreover ea is an isomorphism of sheaves of OXA-modules, where the structure of sheaf
of OXA-modules on E
′
A is the one induced by the isomorphism e
σ(ai).
It remains to prove that the isomorphisms (eσ(a), ea) map θA(y) in θA(y
′). Consider
the A0,0X (End(E) ⊗ Ω
1
X)-component of the gauge equation:
(4) y′ = (ea ∗ y)|
A
0,0
X
(End(E)⊗Ω1
X
)
=
[
y +
+∞∑
n=0
[a,−]n
(n + 1)!
([a, y]− da)
]∣∣∣∣∣
A
0,0
X
(End(E)⊗Ω1
X
)
=
= y +
+∞∑
n=0
[a,−]n
(n+ 1)!
([a, y]− [θ, a]) = y +
+∞∑
n=0
[a,−]n
(n+ 1)!
([a, y] + [a, θ]) =
= y +
+∞∑
n=0
[a,−]n
(n+ 1)!
([a, y + θ]) = y +
+∞∑
n=1
[a,−]n
n!
(y + θ) = y +
+∞∑
n=0
[a,−]n
n!
(y + θ)− θ,
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then
y′ + θ = e[a,−](y + θ) =⇒ y′ + θ = ea ◦ (y + θ) ◦ e−σ(a).
Thus, composing with the isomorphisms given by the contractions, we obtain:
eiσ(x′)(y′ + θ) = eiσ(x′)eae−iσ(x)eiσ(x)(y + θ)e−σ(a) ⇒ θA(y
′) = eiσ(x′)eae−iσ(x)θA(y)e
−σ(a)
and the following diagram commutes:
(5) XA(σ(x
′))
θA(y
′)
//
e−σ(a)

A
1,0
XA(σ(x′))|A
(End(E))e
−i
σ(x′)
// A1,0X (End(E)) ⊗A
XA(σ(x))
θA(y) // A
1,0
XA(σ(x))|A
(End(E))
e
−iσ(x)
// A
1,0
X (End(E)) ⊗A.
ea
OO
This explicitly gives the required correspondence between θA(y) and θA(y
′) via the
isomorphisms (eσ(a), ea). 
Now we want to prove that the natural transformation ΦL is an isomorphism of
deformation functors. For the injectivity we need the following Lemmas, in which we
use the above notations.
Lemma 4.3. Let x, y ∈ A0,1X (TX)⊗mA Maurer-Cartan elements. Let F,G : ArtC → Set
be the following functors
F (A) = { isomorphisms of complexes es : (A0,∗X ⊗A, ∂¯ + lx)→ (A
0,∗
X ⊗A, ∂¯ + ly),
with s ∈ A0,0X (TX)⊗mA, that specialize to identity }
G(A) = { isomorphisms of sheaves of A-module ψ : OA(x)→ OA(y), that specialize to identity },
for all A ∈ ArtC. Then the restriction morphism F → G is surjective.
Proof. See [11, Lemma II.7.2]. 
Lemma 4.4. Let x, y ∈ A0,1X (End(E))⊗mA Maurer-Cartan elements. Let F,G : ArtC →
Set be the following functors
F (A) = { isomorphisms of complexes es : (A0,∗X (E)⊗A, ∂¯ + x)→ (A
0,∗
X (E)⊗A, ∂¯ + y),
with s ∈ A0,0X (End(E)) ⊗mA, that specialize to identity }
G(A) = { isomorphisms of sheaves of OX-module ψ : EA(x)→ EA(y), that specialize to identity },
for all A ∈ ArtC. Then the restriction morphism F → G is surjective.
Proof. The proof is essentially the same as in [11, Lemma II.7.2]; it is sufficient to
substitute the Kodaira-Spencer dgla with the dgla A0,∗X (End(E)). 
Lemma 4.5. Let x, y ∈ A0,1X (D
1(E)) ⊗ mA be Maurer-Cartan elements. Let F,G :
ArtC → Set be the following functors
F (A) = { couples of compatible isomorphisms of complexes (es, eσ(s)), where
eσ(s) : (A0,∗X ⊗A, ∂¯+lσ(x))→ (A
0,∗
X ⊗A, ∂¯+lσ(y)) and e
s : (A0,∗X (E)⊗A, ∂¯+x)→ (A
0,∗
X (E)⊗A, ∂¯+y),
with s ∈ A0,0X (D
1(E)) ⊗mA, that specialize to identity }
G(A) = { couples of compatible isomorphisms of complexes (φ,ψ), where
φ : OA(σ(x))→ OA(σ(y)) and ψ : EA(x)→ EA(y), that specialize to identity },
for all A ∈ ArtC. The natural morphism F → G is surjective.
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Proof. Let (φ,ψ) be a couple of compatible morphisms in G(A). By Lemma 4.3, there
exists a ∈ A0,0X (TX) ⊗ mA, such that the isomorphism e
a : (A0,∗X ⊗ A, ∂¯ + lσ(x)) →
(A0,∗X ⊗A, ∂¯+ lσ(y)) lifts φ. Any lifting b ∈ A
0,0
X (D
1(E))⊗mA of a defines an isomorphism
eb : EA(x) → e
b(EA(x)) compatible with e
a : OA(σ(x)) → OA(σ(y)). The composition
ψ ◦ e−b : eb(EA(x)) → EA(x) → EA(y) is compatible with φ ◦ e
−a = IdOA(σ(y)) and, by
Lemma 4.4, there exists c ∈ A0,0X (End(E))⊗mA such that the isomorphism e
c : (A0,∗X (E)⊗
A, ∂¯ + (eb ∗ x))→ (A0,∗X (E)⊗A, ∂¯ + y) lifts ψ ◦ e
−b. Then the couple (ea, ec ◦ eb = ec•b)
defines compatible isomorphisms in F (A), that lift (φ,ψ). Here we indicate with • the
Baker-Campbell-Hausdorff product ([13]), then c • b ∈ A0,0X (D
1(E))⊗mA. 
Now we are ready to prove the following
Proposition 4.6. The map ΦL : DefL −→ Def(X,E,θ) is injective.
Proof. Let (x, y), (x′, y′) ∈ MCL(A), such that the associated deformations (XA(σ(x)), EA(x), θA(y))
and (XA(σ(x
′)), EA(x
′), θA(y
′)) are isomorphic. Let φ : OA(σ(x)) → OA(σ(x
′)) and
ψ : EA(x)→ EA(x
′) be compatible isomorphisms of sheaves, that map θA(y) on θA(y
′).
By Lemma 4.5, there exists a ∈ A0,0X (D
1(E)) ⊗ mA, such that the compatible isomor-
phisms of complexes
(A0,∗X ⊗A, ∂¯ + lσ(x))
eσ(a)
−→ (A0,∗X ⊗A, ∂¯ + lσ(y)) and
(A0,∗X (E) ⊗A, ∂¯ + x)
ea
−→ (A0,∗X (E)⊗A, ∂¯ + y),
lift the couple (φ,ψ), i.e. such that ea ∗ x = x′, as done in proof of Proposition 4.2. By
hypothesis, the isomorphisms (φ = eσ(a), ψ = ea) map θA(y) on θA(y
′) in the sense of
diagram (5), then θA(y
′) = eiσ(x′)eae−iσ(x)θA(y)e
−σ(a), i.e. y′ + θ = ea ◦ (y + θ) ◦ e−σ(a),
that is equivalent to the gauge equation ea ∗ y = y′, as we done in (4). Putting together
the two gauge equations, we obtain that ea ∗ (x, y) = (x′, y′). 
Let’s now prove the sujectivity of the transformation ΦL. At first we need to recall
the following facts.
Remark 4.7. As a consequence of Propositions 4.1 and 4.2, the natural transformation
Ψ : Def
A
0,∗
X
(D1(E))
→ Def (X,E) defined in Example 1.11 is well defined on deforma-
tion functors and, by Lemma 4.5, it is injective. It is classically known that first order
deformations of the pair (X,E) are identified with the space H1(X,D1(E)) and that ob-
structions to deformations are contained in H2(X,D1(E)). On the other hand, as stated
in Remark 1.8, dglas tecniques assure that the same is true for the functor Def
A
0,∗
X
(D1(E)).
It is quite easy to prove that the natural transformation Ψ : Def
A
0,∗
X
(D1(E)) → Def(X,E)
induces an isomorphism on tangent spaces and an injective morphism on obstructions,
then, by [12, Proposition 2.17], Ψ is smooth and surjective. See [15] for all details.
Proposition 4.8. The map ΦL : DefL −→ Def(X,E,θ) is surjective.
Proof. Let (XA, EA, θA) be a deformation of (X,E, θ) over A. By surjectivity of Ψ :
Def
A
0,∗
X
(D1(E)) → Def (X,E), stated in Remark 4.7, there exists x ∈ MCA0,∗
X
(D1(E))(A),
such that (XA, EA) = (XA(σ(x)), EA(x)). Consider the element y = e
−iσ(x)(θA) − θ ∈
A
1,0
X (End(E))⊗A, and prove that the couple (x, y) satisfies the Maurer-Cartan equation
in the dgla L. Infact the A0,2X (D
1(E)) ⊗ mA-component of the Maurer-Cartan equation
is zero, because x ∈ MC
A
0,∗
X
(D1(E))(A). The component in A
0,1
X (End(E)⊗ Ω
1
X)⊗mA is
∂¯y + [θ, x] + [x, y] = (∂¯ + x)(θ + y) = ((∂¯ + x)e−iσ(x)) θA = 0
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as in (1) and because θA ∈ H
0(XA, End(EA) ⊗ ΩXA|A). The last component is in
A
0,0
X (End(E)⊗ Ω
2
X)⊗mA:
[θ, y] +
1
2
[y, y] = (θ + y) ∧ (θ + y) = e−iσ(x)(θA ∧ θA) = 0,
by calculation in (3). Moreover it obvious that ΦL(x, y) = (XA, EA, θA). 
Summing up, the natural transformation ΦL : DefL → Def (X,E,θ) is an isomorphism
of deformation functors and the dgla L governs infinitesimal deformations of (X,E, θ).
Consider now the natural transformation:
ΦN : DefN (A) −→ Def (E,θ)(A), ∀A ∈ ArtC,
(x, y) −→ (ker(∂¯ + x), θ + y),
that is the same as the transformation ΦL in the semplified case in which differential
operators are substituted by endomorphisms. Our calculation for ΦL assures that ΦN is
an isomorphism and the dgla N governs infinitesimal deformations of (E, θ).
5. Infinitesimal deformations of Hitchin pairs
In this section we define Hitchin pairs and study their deformations, following results
of Section 4. Our aim is to identify a dgla that governs these deformations and obtain a
description of tangent and obstruction spaces.
Definition 5.1. Let X be a compact complex manifold and let L be a vector bundle on
X. A Hitchin pair on X consists of a holomorphic vector bundle E on X and a section
θ ∈ H0(X, End(E) ⊗ L), such that θ ∧ θ = 0 as a section in H0(X, End(E) ⊗ (L ∧ L)).
For L = Ω1X , we recover the definition of Higgs bundles.
There is an obvious definition of infinitesimal deformation of a Hitchin pair (E,L, θ)
over a local Artinian C-algebra A: it is the data of a deformation EA of the vector bundle
E over A, with a section θA ∈ H
0(X×SpecA, End(EA)⊗L⊗A), that deforms θ over A,
as in Definition 3.2. Observe that in deformations we are interested in X and L deform
trivially. As in Definition 3.3, there is an obvious notion of isomorphism of deformations
of a Hitchin pair.
This leads to introduce the functor of deformations of the Hitchin pair (E,L, θ):
Def (E,L,θ) : ArtC → Set,
which associates to every local Artinian C-algebra A the set of isomorphism classes of
deformations of (E,L, θ) over A.
Fix now a Hitchin pair (E,L, θ) on X; the tensor product End(E)⊗
∧∗ L has a natural
structure of Lie algebra on C:
[φ⊗ h, ψ ⊗ l] = φ ◦ ψ ⊗ h ∧ l − (−1)deg h·deg lψ ◦ φ⊗ l ∧ h = [φ,ψ] ⊗ h ∧ l,
if we define on it the differential:
d(ψ ⊗ l) = [θ, ψ ⊗ l],
we obtain a dgla-structure on End(E)⊗
∧∗ L. Consider now the tensor product of the dg
algebra A0,∗X of differential forms on X with the dgla End(E)⊗
∧∗ L; following Example
1.3, it can be endowed with a dgla structure. Denote by M this dgla, explicitly:
M∗ =
⊕
p+q=∗
A
0,p
X (End(E) ⊗
q∧
L),
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the differential and the brackets are:
dx = d(ω ⊗ f) = ∂¯ω ⊗ f + (−1)deg ωω ⊗ [θ, f ]
[x, x′] = [ω ⊗ f, ω′ ⊗ f ′] = (−1)deg ω
′·deg fω ∧ ω′ ⊗ [f, f ′],
for all ω, ω′ ∈ A0,∗X and f, f
′ ∈ End(E)⊗
∧∗ L.
Remark 5.2. It is easy to verify that the dgla structure on A0,∗X (End(E)⊗Ω
∗
X) defined
in Section 3 is the same as the dgla structure one can obtain substituting in the above
definitions the vector bundle L with the shaef of holomorphic 1-forms Ω1X . But observe
that the above construction can not be used to define a dgla structure on A0,∗X (D
1(E)⊗
Ω∗X) because the sheaf of Lie algebras D
1(E) is not OX -linear.
Taking into account our constructions and calculations of Section 4, consider the
natural transformation:
ΦM : DefM (A) −→ Def (E,L,θ)(A), ∀A ∈ ArtC,
(x, y) −→ (ker(∂¯ + x), θ + y)
defined as transformation ΦL of Proposition 4.1, for the case in which differential op-
erators are simply endomorphisms and L replaces ΩX . Our calculations on ΦL assures
that ΦM is an isomorphism. Note that the dg vector space M is the total complex of
the Dolbeault resolution of the complex of sheaves
C : 0→ End(E)
[−,θ]
−→ End(E)⊗L
[−,θ]
−→ End(E)⊗(L∧L)
[−,θ]
−→ End(E)⊗(L∧L∧L)→ . . . ,
where differentials are defined using brackets of the dgla M ; dglas theory gives a de-
scription of tangent and ostruction spaces of Def(E,L,θ). Summing up, we have proved
the following
Theorem 5.3. The dgla M governs infinitesimal deformations of the Hitchin pair
(E,L, θ). In particular the space of first order deformations of (E,L, θ) is canonically
isomorphic to the first hypercohomology space of the complex of sheaves C and obstruc-
tions are contained in the second hypercohomology space of it.
6. L∞-algebras in deformation theory
In this section we recall some basic aspects of L∞-algebras theory and its link with
deformation theory. We mainly follow [13].
Definition 6.1. A graded coalgebra is a graded vector space C =
⊕
i∈Z Ci with a
morphism of graded vector spaces ∆ : C → C ⊗ C called coproduct.
The graded coalgebra (C,∆) is coassociative if (∆ ⊗ Id) ⊗ ∆ = (Id⊗∆) ⊗ ∆ and it is
cocommutative if ∆ = T∆, where T is given by T (v ⊗ w) = (−1)deg v degww ⊗ v.
Let (C,∆C) and (D,∆D) be two graded coalgebras, a degree zero linear morphism
f : C → D is a morphism of coalgebras if (f ⊗ f)∆C = ∆Df .
Definition 6.2. Let (C,∆) be a graded coalgebra. A coderivation of degree n on it is
a linear map of degree n, d ∈ Homn(C,C), that satisfies the coLeibnitz rule
∆d = (d⊗ Id+ Id⊗d)∆.
A coderivation d is called a codifferential if d ◦ d = 0.
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Example 6.3. Let V be a Z-graded vector space over K.
The tensor coalgebra generated by V is defined to be the graded vector space
T (V ) =
+∞⊕
n=0
n⊗
V
endowed with the associative coproduct
a(v1 ⊗ . . .⊗ vn) =
n−1∑
k=1
(v1 ⊗ . . .⊗ vk)⊗ (vk+1 ⊗ . . . ⊗ vn).
The reduced tensor coalgebra generated by V is the sub-coalgebra T (V ) =
+∞⊕
n=1
n⊗
V .
Let I be the homogeneous ideal of T (V ) generated by
〈
v ⊗ w − (−1)deg v degww ⊗ v; ∀ v,w ∈ V
〉
.
The symmetric coalgebra generated by V is defined as the quotient
S(V ) =
+∞⊕
n=0
n⊙
V, with
n⊙
V =
⊗n V
I ∩
⊗n V ,
endowed with the associative coproduct
∆(v1 ⊙ . . .⊙ vn) =
n−1∑
k=1
∑
σ∈S(k,n−k)
ǫ(σ) (vσ(1) ⊙ . . . ⊙ vσ(k))⊗ (vσ(k+1) ⊙ . . . ⊙ vσ(n)),
where S(k, n − k) indicates the set of permutations of n elements, such that σ(i) <
σ(i + 1), for all i 6= k, and ǫ(σ) = ±1 is the sign determined by the relation in
⊙n V :
v1⊙ . . .⊙ vn = ǫ(σ) vσ(1)⊙ . . .⊙ vσ(n). The reduced symmetric coalgebra generated by V
is the sub-coalgebra of S(V ) given by S(V ) =
+∞⊕
n=1
n⊙
V. Let π : T (V ) → S(V ) be the
projection.
For future use, a graded coalgebra (C,∆) is called nilpotent, if ∆n = 0 for n >> 0. It
is locally nilpotent, if it is the direct limit of nilpotent graded coalgebras or equivalently
if C = ∪n ker∆
n. The reduced tensor coalgebra and the reduced symmetric coalgebra
generated by a Z-graded vector space are locally nilpotent.
Proposition 6.4. Let V be a graded vector space and let (C,∆) be a locally nilpotent
cocommutative graded coalgebra. The composition with the projection p : S(V ) → V
defines a bijective map:
Hom(C,S(V ))
p◦
−→ Hom(C, V )
with inverse given by
(6) f 7→ F =
+∞∑
n=1
1
n!
f⊙n ◦ π ◦∆n−1.
Proof. See [13], Propositions VIII.18 and VIII.26. 
Proposition 6.5. Let V be a graded vector space and let (C,∆) be a locally nilpotent
cocommutative graded coalgebra. The composition with the projection p : S(V ) → V
defines a bijective map:
Codern(C,S(V ))
p◦
−→ Homn(C, V )
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with inverse given by
(7) q 7→ Q = π
+∞∑
n=1
1
n!
(q ⊗ Id⊗n) ◦∆n.
Proof. See [13], Proposition VIII.33. 
Remark 6.6. Observe that, if C = S(V ), for q =
∑
k qk ∈ Hom
n(S(V ), V ) and v1 ⊙
. . . ⊙ vn ∈ S(V ), formula (7) gives:
(8) Q(v1 ⊙ . . .⊙ vn) =
n∑
k=1
∑
σ∈S(k,n−k)
ε(σ) qk(vσ(1) ⊙ . . .⊙ vσ(k))⊙ vσ(k+1) ⊙ . . .⊙ vσ(n).
Definition 6.7. Let V be a graded vector space, an L∞-structure on V is a sequence
of linear maps of degree 1
qk :
k⊙
V [1]→ V [1], for k ≥ 1,
such that the coderivation Q induced on the reduced symmetric coalgebra S(V [1]) by
the homomorphism q =
∑
k qk as in formula (8), is a codifferential.
An L∞-algebra is indicated with (V, qi) and the morphisms qi are called the brackets of
the L∞-algebra.
Remark 6.8. A dgla L has a natural structure of L∞-algebra. Infact, L is a graded
vector space and it can be verified that the brackets:
q1(x) = −dx, q2(x⊙ y) = (−1)
deg x[x, y] and qk = 0, for all k ≥ 3
satisfy condition Q ◦Q = 0.
Definition 6.9. Let (V, qi) and (W, qˆi) be two L∞-algebras, a morphism f∞ : (V, qi)→
(W, qˆ1) of L∞-algebras is a sequence of linear maps of degree 0
fk :
k⊙
V [1]→ W [1], for k ≥ 1,
such that the morphism of coalgebras induced on the reduced symmetric coalgebras by
f =
∑
k fk, commutes with the codifferentials induced by the two L∞-structures of V
and W , i.e., with above notations, F ◦Q = Qˆ ◦ F .
To verify that f∞ is an L∞-morphism it is sufficient to verify that
(9)
+∞∑
a=1
fa ◦Q
a
n =
+∞∑
a=1
qˆa ◦ F
a
n , for all n ∈ N.
Remark 6.10. Let (V, qi) be an L∞-algebra, the condition Q◦Q = 0 on the coderivation
induced on the reduced simmetric coalgebra by the brackets qi implies that q1 ◦ q1 = 0,
then (V, q1) is a differential complex.
Let f∞ : (V, qi) → (W, qˆi) be an L∞-morphism, its linear part f1 satisfies the equation
f1 ◦ q1 = qˆ1 ◦ f1, thus f1 is a morphism of differential complexes (V, q1) → (W, qˆ1) and
it induces linear maps in cohomology H i(f1) : H
i(V )→ H i(W ).
We are now ready to define a deformation functor associated to an L∞-algebra.
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Definition 6.11. Let (V, qi) be an L∞-algebra, the deformation functor associated to
it is the functor DefV : ArtC → Set defined, for all A ∈ ArtC, by:
DefV (A) =
MCV (A)
∼homotopy
,
where
MCV (A) =

x ∈ V [1]0 ⊗mA
∣∣∣∣∣∣
∑
n≥1
qn(x
⊙n)
n!
= 0


and the homotopy relation is the following equivalent relation on MCV (A): two elements
x, y ∈ MCV (A) are homotopy equivalent, if there exists z(t, dt) ∈ MCV [t,dt](A), such that
z(0) = x and z(1) = y.
Remark 6.12. Let L be a dgla, as observed in Remark 6.8, it has an L∞-structure.
The generalized Maurer-Cartan equation for the L∞-algebra L is exactly the Maurer-
Cartan equation for the dgla L, since qn = 0 for n ≥ 3. Moreover, for a dgla the
homotopy equivalence coincide with the gauge equivalence [4, Corollary 7.4]. Then the
deformation functors associated to L as dgla and as L∞-algebra coincide.
Both MC and Def are functors from the category of L∞-algebras to the category of
set-valued functors of Artin rings. The functor MC acts on an morphism f∞ : (V, qi)→
(W, qˆi) of L∞-algebras in the following way:
MC(f∞) : MCV → MCW
is the natural transformation of functors given, for A ∈ ArtC and x ∈ MCV (A), by
MCV (f∞)(x) =
+∞∑
n=1
1
n!
fn(x
⊙n);
it preserves the homotopy equivalence and then it induces a natural transformation of
deformation functors:
Def(f∞) : DefV → DefW .
Remark 6.13. Let (V, qi) be an L∞-algebra and DefV the deformation functor associ-
ated to it. It can be proved that the tangent space to DefV is the first cohomology space
of the complex (V, q1), H
1(V ), and that obstructions are naturally contained in H2(V ).
Let f∞ : (V, qi) → (W, qˆi) be an L∞-morphism, the linear maps H
1(f1) : H
1(V ) →
H1(W ) and H2(f1) : H
2(V )→ H2(W ) are morphisms of tangent spaces and of obstruc-
tion spaces, respectively, compatible with the morphism Def(f∞) : DefV → DefW .
7. The Hitchin map
This section is devoted to the study of the Hitchin map via L∞-algebras deformation
theory. We explicitate an L∞-morphism that induces the Hitchin map and we obtain a
condition on obstructions to deform Hitchin pairs.
Definition 7.1. Let X be a compact complex manifold and let L be a vector bundle
on X. For any Hitchin pair (E,L, θ) with rkE = r, let H(E,L, θ) = (Tr(θ), . . . ,Tr(θr)),
where the products are done in the associative algebras End(E)⊗
⊙k L. This define the
Hitchin map:
H :MX,L,r →
r⊕
k=1
H0(X,
k⊙
L),
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from the moduli spaceMX,L,r of Hitchin pairs on X of rank r with fixed L, to the space
of global sections of the vector bundles
⊙k L.
Remark 7.2. Other definitions of the Hitchin map can be found in litterature. It can
be defined fixing an arbitrary base of the space of polynomial function on r× r matrices
invariant under conjugation. All the obtained maps are linked by an automorphism of
the codomain and they can be considered equivalent for our studies.
Let now describe the Hitchin map at infinitesimal level. Fix the Hitchin pair (E,L, θ)
on the compact complex manifold X, the Hitchin map on infinitesimal deformations of
(E,L, θ) over A ∈ ArtC is given by:
H : Def (E,L,θ)(A)→
r⊕
k=1
H0(X,
k⊙
L)⊗mA,
it associates to every deformation (EA, θA) ∈ Def (E,L,θ)(A) the sections (Tr(θA), . . . ,Tr(θ
r
A)),
which deform sections (Tr(θ), . . . ,Tr(θr)) along the trivial deformations of L over A. In
Theorem 5.3, we identify a dgla that controls deformations of the Hitchin pair (E,L, θ):
⊕
p+q=∗
A
0,p
X (End(E) ⊗
q∧
L).
On the other hand it is easy to verify that the functor of deformations of the sections
(Tr(θ), . . . ,Tr(θr)) along trivial deformations of L is isomorphic to the deformation func-
tor associated to the abelian dgla
⊕r
k=1A
0,∗
X (
⊙k L)[−1] via the natural transformation:
Def⊕r
k=1A
0,∗
X
(
⊙k L)[−1](A) −→ Def (Tr(θ),...,Tr(θr))(A), ∀A ∈ ArtC,
(l1, . . . , lr) −→ (Tr(θ) + l1, . . . ,Tr(θ
r) + lr).
Taking into account these dglas interpretations of the functors involved, our aim is to
obtain the Hitchin map as the map induced at the level of deformation functors from
an L∞-morphism:
(10) h :
⊕
p+q=∗
A
0,p
X (End(E) ⊗
q∧
L)[1]→
r⊕
k=1
A
0,∗
X (
k⊙
L).
For n ≥ 1 and k ∈ {1, . . . , r}, define the linear degree zero maps:
gkn : (A
0,∗
X (End(E)⊗ L)[1])
⊙n → A0,∗X (
k⊙
L),
given, for all ωi ∈ A
0,∗
X and fi ∈ End(E)⊗ L, by
gkn((ω1 ⊗ f1)⊙ . . .⊙ (ωn ⊗ fn)) = ω1 ∧ . . . ∧ ωn ⊗ g
k
n(f1 ⊙ . . .⊙ fn),
where gkn(f1 ⊙ . . .⊙ fn) is the coefficient of t1 · · · tn in
Tr(θ + t1f1 + . . . + tnfn)
k.
Remark 7.3. For n = 1, the map gk1 : A
0,∗
X (End(E) ⊗ L)[1] → A
0,∗
X (
⊙k L) is the
identity on forms and it is given by gk1 (f) = kTr(fθ
k−1) on f ∈ End(E)⊗L. It induces
a morphism of complexes:
gk1 :
⊕
p+q=∗
A
0,p
X (End(E) ⊗
q∧
L)[1]→ A0,∗X (
k⊙
L);
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infact the definitions of the differentials on the two complexes and the fact that gk1 is
the identity of forms reduce the proof to the following equality:
gk1 ([θ, f ]) = kTr([θ, f ]θ
k−1) = Tr(θfθk−1 − fθk) = 0, for all f ∈ End(E) ⊗ L.
Proposition 7.4. For all k ∈ {1, . . . r}, the map
gk∞ :
⊕
p+q=∗
A
0,p
X (End(E) ⊗
q∧
L)→ A0,∗X (
k⊙
L)[−1],
defined by {gkn}n is an L∞-morphism.
For our proof we need the following
Lemma 7.5. Let A,B matrices and k > 0, the coefficient of t in Tr
(
(A+ t[B,A])k
)
is
zero.
Proof. We prove by induction on k that the t coefficient in (A+ t[B,A])k is [B,Ak]. For
k = 1, there is nothing to prove. For k > 1, using induction, we have
[B,Ak] = [B,A]Ak−1 +A[B,Ak−1] =
k−1∑
i=0
Ai[B,A]Ak−1−i,
where the last term is exactly the t coefficient in (A+ t[B,A])k. 
Proof of Proposition 7.4. By formula (9), the map gk is an L∞-morphism if and only if
+∞∑
a=1
gka ◦Q
a
n =
+∞∑
a=1
qa ◦ (G
k)an, for all n ∈ N.
Since gkn vanish on all terms in A
0,p
X (End(E) ⊗
∧q L), for q 6= 1, we only have to prove
the formula on A0,∗X (End(E) ⊗ L)
⊙n and on A0,∗X (End(E)) ⊙A
0,∗
X (End(E) ⊗ L)
⊙n−1.
Let’s start with yi = ωi ⊗ fi ∈ A
0,∗
X (End(E) ⊗ L). Since the only non zero brackets
are q1 and q2 in the first L∞-algebras and q1 in the second one, we have:∑
σ∈S(1,n−1)
ǫ(σ) gkn
(
q1(yσ(1))⊙ yσ(2) ⊙ . . . ⊙ yσ(n)
)
=
=
∑
σ∈S(1,n−1)
ǫ(σ) ∂¯ωσ(1) ∧ . . . ∧ ωσ(n) · gkn(f1 ⊙ . . .⊙ fn) =
= ∂¯(ω1 ∧ . . . ∧ ωn) · gkn(f1 ⊙ . . .⊙ fn) = q1(g
k
n(y1 ⊙ . . .⊙ yn))
and the formula is proved.
Now let x = ω⊗ f ∈ A0,pX (End(E)) and yi = ωi⊗ fi ∈ A
0,pi
X (End(E)⊗L), the formula
to be proved becomes:
gkn(q1(x)⊙ y1 ⊙ . . .⊙ yn−1) +
∑
σ∈S(1,n−2)
ǫ(σ) gkn−1
(
q2(x⊙ yσ(1))⊙ . . .⊙ yσ(n−1)
)
= 0,
Now observe that, for all x and yi as above:
q1(x) = −∂¯ω ⊗ f − (−1)
pω ⊗ [θ, f ] and q2(x⊗ yi) = (−1)
p(ω ∧ ωi)⊗ [f, fi].
Then the above formula becomes:
(−1)p(ω ∧ ω1 ∧ . . . ∧ ωn−1) ·
(
gkn([f, θ]⊙ f1 ⊙ . . .⊙ fn−1)+
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(11) +
∑
σ∈S(1,n−2)
gkn−1([f, fσ(1)]⊙ . . .⊙ fσ(n−1))
)
= 0,
where the Koszul sign ǫ(σ) disappears when we order differential forms. Consider now
the power:
(θ + t1f1 + . . .+ tn−1fn−1 + t[f, θ + t1f1 + . . .+ tn−1fn−1])
k ;
the trace of the t · t1 · · · tn−1 coefficient is exactly the left term in formula (11) and
Lemma 7.5, applied with A = θ+ t1f1+ . . .+ tn−1fn−1 and B = f , assures it is zero. 
As immediate consequence of the above proposition, we have the L∞-morphism (10)
we are looking for:
Proposition 7.6. The map
h :
⊕
p+q=∗
A
0,p
X (End(E) ⊗
q∧
L)[1]→
r⊕
k=1
A
0,∗
X (
k⊙
L),
defined by h = (g1, . . . , gr) is an L∞-morphism.
To identify the natural transformation induced on deformation functors by the L∞-
morphism h with the Hitchin map, we need the following:
Lemma 7.7. With the above notations, for all k ∈ {1, . . . , r}, we have:
k∑
n=0
1
n!
gkn(y
⊙n) = Tr((θ + y)k − θk), for all y ∈ A0,0X (End(E) ⊗ L).
Proof. It is the polarization formula and follows from an easy calculation. 
Proposition 7.8. The natural transformation of deformation functors
Def(h)(A) : Def (E,L,θ)(A)→
r⊕
k=1
H0(X,
k⊙
L)⊗mA, ∀ A ∈ ArtC,
induced by the L∞-morphism h is the Hitchin map.
Proof. Let (x, y) ∈ (A0,0X (End(E))⊕A
0,1
X (End(E)⊗L))⊗mA be a Maurer-Cartan element,
with A ∈ ArtC; by Lemma 7.7:
Def(h)(x, y) =
(
Tr((θ + y)k − θk)
)
k=1...r
.
On the other hand, the image via the Hitchin map of the infinitesimal deformation
(EA = ker(∂¯ + x), θA = θ + y) associated to (x, y) is
(Tr(θA), . . . ,Tr(θ
r
A)) =
(
Tr(θkA)
)
k=1...r
.
To conclude observe that
Tr(θkA) = Tr(θ + y)
k = Tr θk + (Def(h)(x, y))k ,
then the image of (EA, θA) via the Hitchin map is the deformation of (Tr(θ
k))k=1...r
given by the element Def(h)(x, y). 
The above deformation theoretic interpretation of the Hitchin map leads to the fol-
lowing description of obstructions to deform Hitchin pairs.
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Corollary 7.9. The obstructions to deform the Hitchin pair (E,L, θ) are contained in
the kernel of the linear map
H2(h1) : H
2(C)→
r⊕
k=1
H1(X,
k⊙
L),
H2(h1)([ω ⊗ f ]) = [(k · ω ⊗Tr(fθ
k−1))k=1...r], for ω ⊗ f ∈ A
0,1
X (End(E)⊗ L).
Proof. We use a general argument on theory of deformation via L∞-algberas (Remark
6.13). Since the Hitchin map H : Def (E,L,θ) → Def(Tr(θ),...,Tr(θr)) is induced by the L∞-
morphism h :
⊕
p+q=∗A
0,p
X (End(E) ⊗
∧q L)[1]→⊕rk=1A0,∗X (⊙k L) the linear map
H2(h1) : H
2(C)→
r⊕
k=1
H1(X,
k⊙
L)
is a morphism of obstruction theories, i.e., it commutes with the natural obstruction
maps for Def (E,L,θ) and Def (Tr(θ),...,Tr(θr)). Since the dgla
⊕r
k=1A
0,∗
X (
⊙k L) is abelian,
the last deformation functor is unobstructed and the obstructions to deform (E,L, θ)
are annihilated by H2(h1). 
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